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A REVIEW OF GEOMETRICALLY EXACT BEAM FORMULATIONS 

AND THEIR ISOGEOMETRIC IMPLEMENTATIONS: FROM FINITE 

ROTATIONS TO ISOGEOMETRIC ANALYSIS 

Abstract: 

This paper presents a review of the development of geometrically exact beam theories for the 

analysis of large displacements and finite rotations of curved beams. Since finite rotations evolve 

on the nonlinear manifold 𝑆𝑂(3) rather than in a vector space, their consistent parametrization, 

interpolation, and update are essential to maintain objectivity, avoid path dependence, and achieve 

robust nonlinear solution behavior. The paper surveys finite element developments for geometrically 

exact beams, focusing on Simo-Reissner formulations and comparison with Kirchhoff-Love models. 

The review concludes with isogeometric formulations for both beam theories, addressing locking 

phenomena. 
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ПРЕГЛЕД ГЕОМЕТРИЈСКИ ТАЧНИХ ГРЕДНИХ ТЕОРИЈА И 

ЊИХОВА ИЗОГЕОМЕТРИЈСКА ИМПЛЕМЕНТАЦИЈА: ОД 

КОНАЧНИХ РОТАЦИЈА ДО ИЗОГЕОМЕТРИЈСКЕ АНАЛИЗЕ 

Сажетак: 

Рад представља преглед развоја геометријски тачних гредних теорија за анализу великих 

помјерања и коначних ротација кривих греда. Будући да коначне ротације леже на 

нелинеарној многострукости 𝑆𝑂(3), а не у вектрском простору, њихова конзистентна 

параметризација, интерполација и ажурирање су неопходни како би се очувала 

објективности, избјегла зависност од путање и постигло робусно понашање нелинеарног 

рјешења. Рад испитује развој методе коначних елемената за геометријски тачне греде, с 

нагласком на Симо-Рајснерове формулације и поређење са Кирхоф-Лав моделима. Преглед 

се завршава изогеометријским формулацијама за обје гредне теорије, обрађујући и феномене 

локинга. 

Кључне ријечи: крива греда, коначна ротација, геометријски егзактна теорија, ИГА, 

локинг. 
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1. INTRODUCTION 

Beam is the fundamental mechanical model for slender structural bodies in which the longitudinal 

dimension greatly exceeds the transverse ones. Curved beam elements have become essential in 
aerospace, civil, and offshore engineering, as well as in emerging fields such as biomechanics, 

electronics, and optics [1], [2]. Their geometric elegance, favorable load-carrying characteristics, 

and efficient material utilization further contribute to their widespread adoption in contemporary 

structural design. In these applications, flexible beams frequently undergo large displacements and 

finite rotations while maintaining small strains, and the presence of initial curvature introduces 

strong coupling between axial, bending, and torsional responses. Classical beam theories, based on 

small-displacement and small-rotation assumptions, are therefore inadequate, motivating the 

development of geometrically exact (GE) frameworks that retain the full nonlinear kinematics 

without linearization. 

A fundamental challenge in this setting is the mathematical structure of finite rotations, which form 

a nonlinear manifold rather than a vector space [3], [4]. The choice of rotation parametrization has 

a direct influence on the efficiency and robustness of the resulting formulation, and no single 

parametrization is free of singularities or other limitations. This in turn affects the interpolation of 
rotational degrees of freedom and the construction of objective and path-independent finite element 

discretizations. In particular, standard interpolation procedures for translational degrees of freedom 

cannot be directly extended to rotational degrees of freedom, since the discretization must remain 

invariant under superposed rigid-body motions (i.e., it must not generate spurious strains under a 

pure rigid translation or rotation). To allow accurate and efficient beam formulation, both variation 

and linearization must be done consistently. The present paper provides a review of key 

developments in this field, from the mathematical foundations of finite rotations to recent finite 

element and isogeometric formulations. 

The review begins with the geometry of the 𝑆𝑂(3) manifold and the most widely used rotation 

parametrization strategies. Classical shear-rigid and shear-deformable beam theories are briefly 

recalled before tracing the development of GE beam theories and their finite element 

implementations. The discussion covers the seminal contributions of Reissner, Antman, and Simo, 

as well as the early numerical frameworks that laid the foundation for modern geometrically exact 
beam analysis. The main emphasis is placed on static formulations, as this is where most 

contributions are introduced and compared, although extensions to dynamics, stability, beam 

contact, and advanced material behavior are also indicated. Particular attention is given to GE Simo-

Reissner formulations, together with a review of the development of GE Kirchhoff-Love models. A 

brief overview of alternative finite element approaches for the analysis of geometrically nonlinear 

beams capable of large displacements and rotations is also provided. The review concludes with 

isogeometric beam formulations, addressing locking phenomena and the strategies developed to 

overcome them, providing an overview of this active research area. 

2. DESCRIPTION OF FINITE ROTATIONS 

The mathematical study of finite rotations has a long history in classical mechanics. A fundamental 
result, known as Euler's theorem [4], [5], states: “any rigid motion leaving a point fixed may be 

represented by a rotation about a suitable axis passing through that point”. This theorem underlies 

all rotation representations used in computational mechanics and confirms that three parameters are 

both necessary and sufficient to describe an arbitrary orientation in three-dimensional space. 

Mathematically, a finite rotation is represented by a proper orthogonal tensor R, which is a linear 

transformation of three-dimensional Euclidean space that preserves lengths and angles. The set of 

all such tensors forms the special orthogonal group, defined as 

𝑆𝑂(3): = {𝐑: 𝐸3 → 𝐸3 linear |𝐑𝑇𝐑 = 𝐈, det𝐑 = 1}   (1) 

where 𝐸3 denotes the three-dimensional Euclidean vector space. The first condition ensures 

preservation of lengths and angles, and the second distinguishes proper rotations from reflections. 

A rotation acts on a vector 𝐯 ∈ ℝ3 by mapping it to a new vector 𝐯′ = 𝐑𝐯, preserving its length 

while changing its direction. 𝑆𝑂(3) is a smooth curved manifold and not a flat linear space [3], [6]. 

Rotation tensors can be represented minimally by three parameters, though no single three-

parameter global representation exists that is free of singularities [7]. 

Rotations differ fundamentally from displacements. Displacements belong to a linear vector space 

and can be freely added and scaled. Rotations, by contrast, are nonlinear objects that cannot be added 
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like ordinary vectors. Moreover, their composition is order-dependent, meaning that two successive 

rotations applied in different sequences generally produce different final orientations. This property 

is known as non-commutativity [4], [8] and is expressed as 

𝐑1𝐑2 ≠ 𝐑2𝐑1.     (2) 

At any point on 𝑆𝑂(3), the curved manifold can be locally approximated by a flat linear space, 

called the tangent space at that point. This tangent space captures all admissible infinitesimal 

rotations at a given rotational configuration. The tangent space at the identity I is known as the Lie 

algebra 𝑠𝑜(3), and consists of all skew-symmetric tensors, as defined by 

𝑠𝑜(3): = {𝐀̂: 𝐸3 → 𝐸3 linear |𝐀̂𝑻 = −𝐀̂}.   (3) 

Since 𝑆𝑂(3) is a Lie group, the tangent spaces at all points of the manifold share the same algebraic 

structure and can all be identified with 𝑠𝑜(3) [4]. This means that incremental rotations can only be 

added if they belong to the same tangent space [7]. Tangent vectors at different points of the 
manifold can be transported between tangent spaces, through push-forward and pull-back operations 

[4], [9]. This allows linear operations on rotational quantities to always be referred back to the fixed 

space 𝑠𝑜(3), regardless of the current rotational configuration. 

The connection between this linear tangent space and the curved manifold 𝑆𝑂(3) is established by 

the exponential map. For a rotation vector 𝝋 = 𝜑 𝐧, where 𝜑 is the rotation angle and n is the unit 

rotation axis, the exponential map takes the closed form known as the Rodrigues rotation formula 

[8]: 

𝐑 = exp(𝝋̂) = 𝐈 +
sin 𝜑

𝜑
 𝝋̂ +

1−cos 𝜑

𝜑2  𝝋̂2   (4) 

where the hat accent, 𝝋̂, denotes the skew-symmetric tensor of its axial vector 𝝋 ∈ ℝ3. This formula 

maps a three-component vector to the corresponding rotation tensor. The correspondence between 

rotation vectors and rotation tensors is unique for rotation angles φ <  π, but the same rotation can 

also be represented by infinitely many rotation vectors differing by multiples of  2π [4], [10]. A 

discussion of the origin of this formula can be found in [11]. 

The geometric picture is illustrated in Figure 1. The rotation manifold 𝑆𝑂(3) is represented as a 

curved surface, where each point represents a specific orientation of a rigid body. The two points 

shown, the identity I and a general rotational state R, each possess their own tangent space providing 

a local linear approximation to the manifold. The exponential map exp(𝝋̂) connects a skew-

symmetric tensor 𝝋̂ in the tangent space at the identity, 𝑇𝐼𝑆𝑂(3), to the corresponding point on the 

manifold. A rotation from I to R follows a geodesic, the shortest path lying entirely on the manifold, 

whereas a straight-line interpolation between two rotation tensors leaves 𝑆𝑂(3). This is the 

fundamental source of difficulty when rotational fields are interpolated in finite element 

discretizations, as discussed in Section 5. 

 

Figure 1. The rotation manifold 𝑆𝑂(3) with tangent spaces 𝑇𝐼𝑆𝑂(3) and 

𝑇𝑅 𝑆𝑂(3), skew-symmetric tensors 𝝋̂ and 𝝋̂𝑅, and the exponential map 𝑒𝑥𝑝(𝝋̂) 

(created by author). 
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In iterative nonlinear solution procedures, rotation updates must respect the curved structure of 

𝑆𝑂(3). Given a current rotation R and an incremental rotation vector Δ𝝋, the updated rotation is 

obtained through the multiplicative update rule [7], [12]: 

𝐑new = 𝑒𝑥𝑝(𝝋̂𝑛𝑒𝑤) = exp(Δ𝝋̂) 𝐑 = exp(Δ𝝋̂) exp(𝝋̂) ≠ exp(𝝋̂ + Δ𝝋̂)    (1) 

→  𝝋̂𝑛𝑒𝑤 ≠ 𝝋̂ + Δ𝝋̂ 

This multiplicative structure replaces the additive update used in linear theories and is one of the 

key characteristics of GE formulations. The tangent operator 𝐓(𝝋) arises because the rotation vector 

𝝋 and the rotation tensor R belong to different spaces, and a linear mapping between their variations 

is needed for consistent linearization. It plays the role of a Jacobian of the exponential map and 

reduces to the identity for zero rotation, recovering the standard additive update algorithm of 

infinitesimal-rotation theories. 

3. PARAMETRIZATION OF FINITE ROTATIONS 

As established in Section 2, rotations form the Lie group 𝑆𝑂(3), a smooth curved manifold that is 

non-Euclidean and non-commutative. A central consequence of this structure is that no smooth 

minimal three-parameter representation can cover the entire rotation group without exhibiting either 

analytical singularities or global non-uniqueness [4], [10]. This constraint shapes the choice of 

parametrization in finite element formulations. Historical accounts of the development of rotation 

representations in applied mathematics and mechanics are given in [11], [13], [14]. 

Rotation parametrizations can be classified along two complementary lines. The first concerns the 

number of parameters employed. The most direct representation uses the full rotation matrix, with 

nine components subject to six orthogonality constraints. Although globally valid, enforcing these 

constraints complicates implementation and increases computational cost. Euler angles reduce the 

description to three parameters with a clear geometric interpretation but depend on the chosen 

rotation sequence and exhibit singular configurations known as gimbal lock, limiting their 
robustness in nonlinear analyses. A comprehensive overview of classical parametrizations is given 

in [15]. The second classification distinguishes vectorial from non-vectorial parametrizations. 

Vectorial parametrizations describe rotations through a geometric vector in ℝ3, often called 

rotational quasi-coordinates, and align naturally with the Lie algebra structure of  𝑆𝑂(3). Non-

vectorial parametrizations, such as Euler angles and quaternions, cannot be expressed as a single 

geometric vector. This distinction, discussed in [16], [17], provides a framework for comparing 

parametrizations with respect to singularity behavior, computational efficiency, and suitability for a 

finite element implementation. 

Among minimal non-vectorial parametrizations, Euler parameters, commonly known as 

quaternions, have gained particular importance in computational mechanics. Although they use four 

parameters subject to one normalization constraint, they are globally free of singularities and 

numerically stable. Introduced by Hamilton in 1843, quaternions offer algebraically simpler 

rotational operations compared to matrix-based representations, which explains their widespread use 

in computational applications involving large rotations. Their advantages in nonlinear finite element 
analysis were demonstrated in [12], [18], [19], and one of the early consistent finite element 

implementations was provided by Cardona and Géradin [20]. The non-uniqueness of quaternions is 

topological: 𝒒 and −𝒒 always represent the same physical rotation, so each rotation corresponds to 

exactly two quaternion representations [10], [21]. Further discussion can be found in [3], [8], [22]. 

Within the class of vectorial parametrizations, a unified framework can be established through a 

scalar generating function of the rotation angle, as developed by Bauchau and Trainelli [16]. Several 

classical three-parameter representations arise as particular choices within this framework, allowing 

a consistent comparison of admissible range, singular behavior, and linearization properties. 

Among minimal vectorial parametrizations, Rodrigues parameters, also known as Cayley-Gibbs-

Rodrigues parameters, were used prominently by Argyris and co-workers [8], [23], [24], [25], where 

rotations were interpreted through semitangential measures. This parametrization has rational 

transformation formulas, making it computationally convenient, but exhibits a singularity at 𝜑 = 𝜋, 

where the underlying Cayley transformation becomes undefined. 

The rotation vector formulation, based on the exponential map, became the dominant choice in GE 

beam [12], [18], [19], [26]. It uses the Lie algebra of 𝑆𝑂(3) and the exponential map to relate skew-
symmetric tensors to rotation matrices, providing a minimal description well-suited for the 

linearization of the spatially discretized weak form. Its main limitation appears at 𝜑 = 𝜋, where the 
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rotation axis 𝒏 and −𝒏 produce indistinguishable rotations and the rotation vector loses uniqueness. 

This is a global property of parametrization rather than a breakdown of the local mapping [6], [7]. 

An alternative minimal vectorial representation is the conformal rotation vector, also known as the 

Wiener-Milenković or modified Rodrigues parametrization. It is obtained by projecting the unit 

quaternion onto ℝ3 through a stereographic mapping, yielding rational update formulas and moving 

the singularity to 𝜑 = 2𝜋. This more favorable distribution of singularities often improves numerical 

conditioning in large-rotation computations [15], [27], [28]. In computational mechanics and 

multibody dynamics, this parametrization has been used alongside exponential coordinates and 

quaternions where robust tangent operators are required [16], [17]. 

Other vectorial parametrizations, such as sine-based or linearized variants, have been proposed for 

specific purposes but are suited only for restricted rotation ranges and sacrifice global regularity for 

algebraic simplicity [16]. 

A fundamentally different strategy that avoids explicit parametrization altogether by representing 

the orientation of the cross-section directly through director vectors rather than through rotation 

parameters is developed by Betsch and Steinmann [29], [30]. They reformulated the weak form of 
the governing equations so that rotations are represented through director fields rather than classical 

rotation parameters, avoiding direct interpolation of rotational unknowns and preserving objectivity 

of the discrete formulation. 

The parametrizations described above apply to rotations at a single point. In finite element 

discretizations, however, rotations must also be interpolated between nodes, which introduces 

additional challenges arising from the nonlinear structure of 𝑆𝑂(3), as discussed in the following 

section. 

4. DEVELOPMENT OF GEOMETRICALLY EXACT BEAM THEORIES 

AND EARLY FINITE ELEMENT FORMULATIONS 

The classical theory of beams originates from the works of Euler and Bernoulli in the eighteenth 

century, where slender structures were modeled under the assumption that cross-sections remain 

plane and perpendicular to the neutral axis during deformation. This hypothesis neglects transverse 

shear deformation and is accurate only for very slender beams in bending-dominated responses. 

To address this limitation, Timoshenko and Ehrenfest introduced a refined beam theory in the early 

twentieth century. By allowing independent rotations of the cross-section and assuming a constant 

transverse shear strain through the cross-section, the Timoshenko-Ehrenfest theory provides 

improved accuracy for moderately thick beams and vibration analyses. Since the assumed shear 

stress distribution is not fully consistent with three-dimensional elasticity, shear correction factors 

were later introduced to compensate for this discrepancy [31]. 

Although shear-deformable beam theories represent an important improvement over classical shear-

rigid models, both theories are limited to small rotations and moderate displacements. This restricts 

their applicability to structures undergoing arbitrarily large rotations and displacements, particularly 

for initially curved beams, where curvature and torsion of the reference axis introduce coupling 
between axial, bending, and torsional responses. These limitations motivated the development of 

geometrically nonlinear beam formulations capable of describing large motions in a consistent and 

frame-invariant manner. 

The first rigorous attempts to describe beams undergoing large displacements and rotations can be 

traced back to Kirchhoff's theory of rods [32], which extended Euler's elastica to arbitrarily curved 

slender bodies while assuming rigid cross-sections and neglecting transverse shear deformation. 

Subsequent refinements by Love incorporated small axial stretching [33], leading to what is 

commonly referred to as the Kirchhoff-Love rod theory. Despite their conceptual importance, these 

formulations neglected shear deformation and were restricted to the small-rotation regime. 

A decisive step beyond classical assumptions was made by Reissner. His planar formulation [34] 

incorporated transverse shear deformation into a nonlinear beam theory capable of large 

displacements and rotations. The extension to spatially curved beams was first addressed in [35] by 

generalizing Kirchhoff-type equations to include force-deformational effects alongside bending and 

twisting moments. This formulation was later re-derived in a simpler form in [36], where a new 

description of rotational displacement states was introduced and applied to helical deformations. 
Crisfield and Jelenić [37] noted that Reissner[36] employed a simplified spatial parametrization of 

the rotation matrix, which facilitated the derivation of rotational strain measures but compromises 

strict geometric exactness. Nevertheless, Reissner's contributions provided an essential foundation 

for later fully GE formulations. 
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A related and influential contribution was provided by Antman [38], [39], who formulated a general 

theory of nonlinearly elastic rods extending the Kirchhoff-Love framework to include both axial 

extension and transverse shear deformation. His formulation admitted general nonlinear constitutive 

relations between stress resultants and strain measures without requiring a strain energy density 

function, providing a broad continuum framework for rod mechanics. 

Building on the works of Reissner and Antman [34], [38], [39], Simo formulated a fully 

geometrically exact three-dimensional beam theory derived from nonlinear continuum mechanics 

[12]. Rotations were treated as elements of the Lie group 𝑆𝑂(3), yielding strain-configuration 

relations that remain exact for arbitrarily large displacements and rotations. The corresponding finite 

element formulation was developed by Simo and Vu-Quoc [18] for static and dynamic analyses, 

followed by an implicit time-integration scheme formulated directly on 𝑆𝑂(3) [40], giving rise to 

what is commonly referred to as the Simo-Reissner beam theory. While geometrically exact in its 

kinematics, the formulation does not account for large strains when linear elastic constitutive laws 

are assumed. Later works incorporated cross-sectional warping [41] and provided a rigorous 

justification for the symmetry of the tangent stiffness matrix as the true Hessian of the potential 

energy [42]. 

Cardona and Géradin [43] introduced tangential transformation, a linear mapping that projects 

rotation increments from different tangent spaces onto a common tangent space where standard 

vector operations are valid. In the same work, they distinguished three rotation update approaches: 

the Eulerian, Total Lagrangian, and Updated Lagrangian. Their Updated Lagrangian formulation 

alleviates singularity issues associated with total rotation parametrizations and ensures that 

incremental rotation vectors remain within a consistent tangent space. Related contributions were 

made by Iura and Atluri [44], [45], who developed a variationally consistent formulation for finitely 
stretched and rotated spatial beams and highlighted the importance of consistent rotation update 

strategies. 

While these early works established the essential framework for GE beam analysis, the discrete 

treatment of rotational degrees of freedom required further refinement, as discussed in the following 

section. 

5. FINITE ELEMENT FORMULATIONS FOR GEOMETRICALLY 

EXACT BEAMS 

The finite element formulations reviewed in this section build on the continuum framework of 

Section 4 and focuses on the consistent discretization of rotational degrees of freedom on the 𝑆𝑂(3) 

manifold. 

5.1. GEOMETRICALLY EXACT SIMO-REISSNER BEAMS 

Within the GE Simo-Reissner framework, subsequent finite element developments focused on 

improving how finite rotations are represented and updated at the discrete level. These formulations 

mainly differ in the choice of rotation parametrization, the interpolation of rotational variables, and 

the update procedure adopted in nonlinear analyses [46], [47], [48], [49], [50], [51]. 

Early contributions focused on practical finite element implementations of geometrically nonlinear 

beam models. Crisfield [19] developed a formulation for three-dimensional beams based on 

incremental rotation vectors with a consistently derived tangent stiffness matrix. Ibrahimbegović 

and co-authors developed finite element formulations for Reissner-type beams, including three-

dimensional curved beam elements for large rotations [47]. The numerical treatment of finite 

rotations using vector-like parametrizations was investigated in [48] and complemented by a 
systematic discussion of rotation parameter choices and their implications for nonlinear finite 

element formulations [26]. For broader background on nonlinear finite element theory and 

implementation, see [52]. 

A fundamental observation was made by Crisfield and Jelenić [37], [53], who showed that directly 

interpolating rotation parameters, or their incremental and iterative changes, can destroy the 

objectivity of discrete strain measures even when the underlying continuum strains are objective. 

They further showed that interpolating total rotations leads to non-objective but path-independent 

formulations, whereas interpolating incremental or iterative rotations results in formulations that are 

both non-objective and path-dependent. To overcome this, they proposed an interpolation based on 

relative rotations: the relative rotation between nodal triads is computed, its rotation vector is 

extracted and interpolated in a common tangent space, and the rotation field is reconstructed via the 

exponential map on 𝑆𝑂(3). This eliminates spurious strains under rigid-body motion and provides 

a clear basis for objective finite element implementations of GE beams. 
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A broad range of interpolation and update strategies for finite rotations has been proposed, differing 

in how the nonlinear structure of 𝑆𝑂(3) is handled at the discrete level. Parametrization-based 

approaches remain widely used due to their compact implementation, most commonly relying on 

rotation vectors [16] or unit quaternions[54], [55], [56]. These are employed either as total rotation 

parameters [26], [48], [52] or through incremental [19], [43], [51] and iterative update procedures 

[47], [50]. Since interpolation is performed in linear spaces, such schemes do not generally respect 

the geometry of 𝑆𝑂(3) and may compromise objectivity or induce path dependence [22], [37], [53]. 

Relative-rotation schemes construct the interpolated rotation field from rotations between adjacent 
nodal frames, ensuring consistency with rigid-body motion [53], [55], [57], [58]. Director-based 

discretizations represent cross-section orientation through interpolated director fields, preserving 

frame invariance without explicitly interpolating rotation parameters [29]. Lie-group formulations 

treat rotations directly as elements of 𝑆𝑂(3) or 𝑆𝐸(3) and define interpolation and update 

procedures in a manifold-consistent manner [59], [60]. Strain-based approaches avoid explicit 

rotation interpolation by discretizing curvature or rotational strain measures directly, enforcing 

objectivity at the strain level [61], [62]. The geometric aspects of rotation updates, including 

singularities and tangent-space considerations, were studied in [7], [63], while stability of spatial 

beams and frames was addressed through direct computation of critical equilibrium states [64]. In 

general, formulations that explicitly account for the manifold structure of 𝑆𝑂(3)  show improved 

robustness, particularly for large rotations and higher-order discretizations [59], [65]. 

Mixed and enhanced formulations have also been explored to improve convergence and robustness 
under complex loading and large rotations. Mixed finite element formulations for GE beams have 

shown improved iterative convergence and reduced sensitivity to locking [66], [67]. 

All approaches reviewed above share the common goal of ensuring a consistent and objective 

discrete treatment of finite rotations. The key finding is that numerical inconsistencies such as 

spurious strains originate not from the continuum theory but from the interpolation of rotational 

variables at the discrete level [37], [53], [68]. A kinematically distinct class of GE beam theories 

based on the Kirchhoff constraint is reviewed in the following section. 

5.2. GEOMETRICALLY EXACT KIRCHHOFF-LOVE BEAMS 

Geometrically exact finite element formulations for Kirchhoff-Love beams have received less 

attention than Simo–Reissner formulations. The main difficulty is that the Kirchhoff constraint 

couples the rotational field directly to the displacement field, requiring C¹ continuity of the 

interpolation, which standard Lagrangian finite elements cannot easily satisfy. 

Early contributions to GE Kirchhoff-Love beam elements were made by Weiss [69], [70] and Boyer 

[70], though both were limited to initially straight beams. Armero and Valverde [71], [72] examined 

objectivity and geometric exactness of existing Kirchhoff-type elements more systematically, 
showing that early formulations combined C⁰-continuous Lagrange polynomials for axial 

displacements with C¹-continuous Hermite polynomials for transverse displacements, which led to 

a loss of objectivity. Membrane locking was also addressed in these works through assumed strain 

fields and reduced integration. 

The formulation by Meier et al. [73] represents the first Kirchhoff beam element capable of 

simultaneously satisfying geometric exactness, objectivity, and three-dimensional large-

deformation analysis for beams with arbitrary initial geometries. They further argued that Kirchhoff 

elements offer advantages over Simo-Reissner elements at high slenderness ratios, where shear 

modes can cause numerical ill-conditioning and shear locking. A subsequent study [74] addressed 

membrane locking in slender curved beams by proposing a new interpolation strategy for the axial 

strain field and comparing it with assumed natural strains and reduced integration. Beam-to-beam 

contact was later treated using a torsion-free beam formulation [75], while a detailed comparison of 

Kirchhoff-Love and Simo-Reissner theories and their finite element implementations is provided in 

[2]. 

These formulations later served as a basis for isogeometric discretizations of GE beams, as reviewed 

in Section 5.4. 

5.3. ALTERNATIVE FORMULATIONS: CO-ROTATIONAL AND ABSOLUTE NODAL 

COORDINATE APPROACHES 

Several alternative formulations have been proposed for the finite element analysis of geometrically 

nonlinear beams, among which the co-rotational formulation [19], [52], [76], [77], [78], [79] and 

the Absolute Nodal Coordinate Formulation (ANCF) [65], [80], [81], [82], [83] are the most widely 

used. 
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The co-rotational approach decomposes the total deformation of a beam element into a rigid-body 

part, associated with large rotations and translations, and a local deformation part measured relative 

to a frame that follows the element during motion. This decomposition allows classical linear 

theories to be applied within the local frame, while geometric nonlinearity is fully captured through 

the transformation between the co-rotational and global coordinate systems [76], [84], [85]. A 

notable advantage of this approach is that existing linear finite elements can be reused within the co-

rotational framework, and the resulting formulations naturally preserve strain invariance under rigid-

body motion and yield path-independent solutions for conservative problems [78], [79], [86]. The 

approach has also been applied to instability analysis of three-dimensional frame structures, where 

co-rotational beam elements with a rotation vector parametrization of finite rotations have been used 

to trace post-critical equilibrium paths [87]. 

The co-rotational concept has also influenced GE formulations, and the boundary between the two 

approaches is not always sharp [2], [76]. Jelenić and Crisfield [53] drew on ideas from co-rotational 

theory to propose an interpolation strategy that restores objectivity and path-independence while 

preserving the exactness of the strain measure. Building on this, Magisano et al. [67] proposed a 

formulation in which incremental nodal rotation vectors define co-rotational nodal rotations, which 

are then interpolated for strain evaluation within a GE framework. The key result is that all properties 

of the GE continuum model, exact strain measure, objectivity, and path-independence, are preserved 

at the discrete level for any mesh and interpolation order, rather than recovered only asymptotically 

upon mesh refinement as in standard co-rotational approaches. Additive updates and a symmetric 

tangent stiffness matrix under conservative loading are also retained. 

The ANCF, originally introduced by Shabana [80], [88], takes a fundamentally different approach 

by describing beam motion through global nodal position and slope coordinates rather than 

rotational degrees of freedom. Developed originally for the dynamic analysis of flexible multibody 

systems, the formulation employs standard shape functions to interpolate the three-dimensional 
displacement field, yielding a constant mass matrix and eliminating centrifugal and Coriolis inertia 

forces. The ANCF element library has expanded considerably to include beam, plate, shell, and solid 

elements, with applications in robotics, vehicle dynamics, and aerospace structures [89], [90]. 

Ongoing research has focused on alleviating locking phenomena inherent to ANCF elements, 

including transverse shear and Poisson locking, through reduced integration, enhanced formulations, 

and the introduction of additional gradient vectors [91], [92]. 

5.4. ISOGEOMETRIC FORMULATIONS AND LOCKING 

Isogeometric analysis (IGA) was originally motivated by the need to bridge the gap between 

geometric modelling and numerical analysis by defining the basis functions on initial geometry, and 

then using the same functions for the approximation of unknown fields [93], [94]. Compared to 

classical finite elements, IGA allows higher polynomial orders while maintaining a comparable 
number of degrees of freedom, and the resulting smooth solutions require fewer integration points 

[95], [96]. The higher interelement continuity of spline basis functions brings an additional benefit 

in the context of beam formulations, as it naturally alleviates certain locking phenomena that 

commonly affect standard finite element discretizations. This has made IGA an attractive framework 

for the development of higher-order beam elements with improved accuracy and reduced sensitivity 

to locking. 

An important development within the IGA framework is the isogeometric collocation method, which 

solves the strong form of the governing equations at discrete collocation points rather than through 

numerical integration of a weak form. This approach significantly reduces computational cost 

compared to Galerkin-based IGA while retaining the smoothness properties of spline basis 

functions. Early applications of IGA collocation to beam problems demonstrated its potential for 

naturally avoiding shear locking in Timoshenko-Ehrenfest formulations [97], [98], [99], 

representing a computationally efficient alternative to conventional Galerkin discretizations. The 

extension of isogeometric collocation to GE shear-deformable beams was first addressed by Marino 
[100] through a displacement-based formulation. A subsequent contribution [101] introduced both 

displacement-based and mixed formulations for beams with arbitrary initial curvature, with the 

mixed approach shown to be completely locking-free regardless of the approximation degree. 

Weeger et al. [102] extended isogeometric collocation to the Simo-Reissner beam model and 

proposed a mixed formulation in which internal forces and moments are discretized independently 

from the kinematic unknowns, effectively alleviating shear locking in slender beams. A subsequent 

contribution [103] extended this framework to beams with spatially varying geometric and material 

parameters. Dynamic analysis of GE beams using isogeometric collocation was addressed in [104], 

[105], where explicit and implicit time integration schemes were developed. 
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Further contributions extended Simo-Reissner isogeometric beam formulations in several directions. 

Choi et al. [106] combined a GE shear-deformable beam formulation with an adjoint-based 

procedure for a configuration design sensitivity analysis. Within a total Lagrangian setting, Vo and 

co-workers developed isogeometric Timoshenko-type formulations [107], [108] and later proposed 

locking-free variants for geometrically nonlinear planar analysis [109]. Building on earlier mixed 

finite element developments [66], Magisano et al. [110] extended the approach to the isogeometric 

setting through a patch-wise formulation that eliminates locking while substantially reducing the 

number of degrees of freedom. Adopting a solid-like kinematic description, Choi et al. [111] 

introduced extensible director vectors to capture in-plane cross-sectional deformations and enable 

the direct use of three-dimensional constitutive laws, with Poisson locking alleviated through an 
enhanced assumed strain method. This framework was extended to frictionless beam-to-beam 

contact with unconstrained directors in [112], and computational efficiency of mixed variants was 

subsequently improved through selectively reduced-degree basis functions for stress resultant fields 

[113]. Recent dynamic contributions include a fully explicit isogeometric collocation formulation 

[114] and objective mixed extensible-director formulations for nonlinear beam elastodynamics 

[115]. Several of these formulations also incorporate material nonlinearity, ranging from 

hyperelastic three-dimensional constitutive laws [111], [112] to elasto-visco-plasticity with 

softening in mixed collocation [116] and materially nonlinear elastodynamics [115]. 

Early isogeometric formulations for Kirchhoff-Love space rods were developed by Greco and 

Cuomo, who introduced models for spatial beam assemblies and addressed mixed formulations and 

consistent tangent operators [117], [118], [119], [120]. Building on this foundation, Bauer et al. 

[121] developed the first nonlinear isogeometric formulation for spatially curved Kirchhoff-Love 

beams and demonstrated its applicability to large deformation problems. 

More recent contributions have focused on multi-patch configurations and structural assemblies, 

motivated by the reduced number of degrees of freedom compared to shear-deformable elements. 
Vo et al. [122] developed a geometrically nonlinear multi-patch isogeometric Euler-Bernoulli 

formulation using the smallest-rotation mapping to describe finite cross-section rotations. Greco et 

al. subsequently extended their formulation to beam assemblies [123] and updated Lagrangian 

analysis [124]. The influence of initial curvature on the convergence properties of the nonlinear 

solution procedure was investigated in [125]. 

Radenković and Borković contributed a series of isogeometric Bernoulli-Euler beam formulations 

of increasing complexity. In the terminology adopted by these authors, the Bernoulli-Euler 

designation refers to the kinematic theory known as the Kirchhoff-Love beam theory. Rotation-free 

formulations for linear plane beams were developed for static [126] and dynamic [127] analysis, 

while Radenković et al. [128] extended the approach to spatially curved beams in the linear static 

case, introducing torsional rotation as an independent degree of freedom. Building on these 

foundations [129], [130], Borković et al. [131] presented the first truly GE isogeometric Bernoulli-

Euler beam formulation, satisfying both objectivity and path-independence. This was followed by a 
formulation based on the Frenet-Serret frame that includes a rotation-free variant and an improved 

constitutive description for strongly curved beams [132]. These formulations were subsequently 

extended to account for interaction potentials between beams [133], [134], [135]. 

6. CONCLUSION 

This review has outlined the mathematical and computational foundations required for reliable beam 

analysis under large displacements and finite rotations. The non-Euclidean structure of rotations on 

𝑆𝑂(3) was shown to be central to both continuum modeling and finite element discretization, since 

the choice of rotation parametrization, interpolation, and update strategy directly affects objectivity, 

path independence, and numerical robustness. By revisiting classical shear-rigid and shear-

deformable beam theories and tracing the development of geometrically exact (GE) formulations, 
the review distinguished the two main kinematic lines used in practice: GE Simo-Reissner beams 

and GE Kirchhoff-Love beams. 

In finite element discretizations, numerical artifacts such as spurious strains and locking often 

originate from the treatment of rotational variables rather than from the continuum theory itself, 

motivating manifold-consistent interpolation and mixed formulations. The review focuses primarily 

on the kinematic and discretization aspects of GE beam formulations, while dynamics, stability, 

contact, and advanced material behavior are addressed selectively to highlight key extensions and 

representative contributions. Recent isogeometric work further indicates that spline-based 

discretizations can achieve high accuracy and robust performance, especially when combined with 

mixed or collocation schemes. 
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The GE beam formulation is a mechanical model that provides excellent balance between accuracy 

and efficiency. Although thoroughly investigated, it is still an active research topic. A particularly 

underexplored area concerns the isogeometric analysis of strongly curved Simo-Reissner beams. 

While the effect of strong curvature has been addressed for geometrically exact Kirchhoff-Love 

beams [126], [127], [129], [131], [132], no equivalent formulation currently exists for the Simo-

Reissner model. Most existing formulations for arbitrarily curved beams still rely on simplified beam 

metrics and neglect higher-order curvature effects across the cross-section, which reduces accuracy 

when initial curvature becomes large. 

Looking ahead, further advances are expected in the incorporation of advanced material models, 

contact algorithms, and efficient dynamic solvers within geometrically exact and isogeometric 

frameworks, where the consistent treatment of finite rotations remains a challenge. 

ACKNOWLEDGMENTS 

This research was partly funded by the Austrian Science Fund (FWF) 10.55776/P36019. For the 

purpose of open access, the authors have applied a CC BY public copyright licence to any Author 

Accepted Manuscript version arising from this submission. 

LITERATURE 

[1] M. Hajianmaleki and M. S. Qatu, “Vibrations of straight and curved composite beams: 

A review,” Compos. Struct., vol. 100, pp. 218–232, 2013, doi: 

10.1016/j.compstruct.2013.01.001. 

[2] C. Meier, A. Popp, and W. A. Wall, “Geometrically Exact Finite Element Formulations 

for Slender Beams: Kirchhoff–Love Theory Versus Simo–Reissner Theory,” Archives 

of Computational Methods in Engineering, vol. 26, no. 1, pp. 163–243, 2019, doi: 

10.1007/s11831-017-9232-5. 

[3] H. Goldstein, Classical Mechanics, 2nd ed. Addison-Wesley Publishing Company, 

1980. 

[4] M. Jerrold E. and R. Tudor S., Introduction to Mechanics and Symmetry, 2nd ed. New 

York: Springer Verlag, 1999. 

[5] L. Euler, Nova methodus motum corporum rigidorum determinandi, vol. 20. 1776. 

[6] J. E. Marsden and T. S. Ratiu, Introduction to Mechanics and Symmetry: A Basic 

Exposition of Classical Mechanical Systems, 2nd ed., vol. 17. New York: Springer, 

1999. 

[7] J. Mäkinen, “Total Lagrangian Reissner’s geometrically exact beam element without 

singularities,” Int. J. Numer. Methods Eng., vol. 70, no. 9, pp. 1009–1048, 2007, doi: 

10.1002/nme.1892. 

[8] J. Argyris, “An excursion into large rotations,” Comput. Methods Appl. Mech. Eng., vol. 

32, no. 1, pp. 85–155, 1982, doi: 10.1016/0045-7825(82)90069-X. 

[9] H. Stumpf and U. Hoppe, “The Application of Tensor Algebra on Manifolds to 

Nonlinear Continuum Mechanics — Invited Survey Article,” ZAMM - Journal of 

Applied Mathematics and Mechanics / Zeitschrift für Angewandte Mathematik und 

Mechanik, vol. 77, no. 5, pp. 327–339, 1997, doi: 10.1002/zamm.19970770504. 

[10] S. L. Altmann, Rotations, quaternions, and double groups. Oxford [Oxfordshire], New 

York: Clarendon Press, 1986. 

[11] H. Cheng and K. C. Gupta, “An Historical Note on Finite Rotations,” J. Appl. Mech., 

vol. 56, no. 1, pp. 139–145, 1989, doi: 10.1115/1.3176034. 

[12] J. C. Simo, “A finite strain beam formulation. The three-dimensional dynamic problem. 

Part I,” Comput. Methods Appl. Mech. Eng., vol. 49, no. 1, pp. 55–70, 1985, doi: 

10.1016/0045-7825(85)90050-7. 

[13] L. Fraiture, “A History of the Description of the Three-Dimensional Finite Rotation,” 

J. Astronaut. Sci., vol. 57, no. 1, pp. 207–232, 2009, doi: 10.1007/BF03321502. 

[14] M. Géradin and D. Rixen, “Parametrization of finite rotations in computational 

dynamics: A review,” Revue Europeenne des Elements, vol. 4, no. 5–6, pp. 497–553, 

1995, doi: 10.1080/12506559.1995.10511200. 

[15] K. W. Spring, “Euler parameters and the use of quaternion algebra in the manipulation 
of finite rotations: A review,” Mech. Mach. Theory, vol. 21, no. 5, pp. 365–373, 1986, 

doi: 10.1016/0094-114X(86)90084-4. 

[16] O. A. Bauchau and L. Trainelli, “The Vectorial Parameterization of Rotation,” 

Nonlinear Dyn., vol. 32, no. 1, pp. 71–92, 2003, doi: 10.1023/A:1024265401576. 



825 PROCEEDINGS OF INTERNATIONAL CONFERENCE ON CONTEMPORARY THEORY AND PRACTICE IN CONSTRUCTION XVII 

 

 

[17] M. D. Shuster, “A Survey of Attitude Representations,” J. Astronaut. Sci., vol. 41, no. 

4, pp. 439–517, 1993. 

[18] J. C. Simo and L. Vu-Quoc, “A three-dimensional finite-strain rod model. part II: 

Computational aspects,” Comput. Methods Appl. Mech. Eng., vol. 58, no. 1, pp. 79–

116, 1986, doi: 10.1016/0045-7825(86)90079-4. 

[19] M. A. Crisfield, “A consistent co-rotational formulation for non-linear, three-

dimensional, beam-elements,” Comput. Methods Appl. Mech. Eng., vol. 81, no. 2, pp. 

131–150, 1990, doi: 10.1016/0045-7825(90)90106-V. 

[20] M. Geradin and A. Cardona, “Kinematics and dynamics of rigid and flexible 

mechanisms using finite elements and quaternion algebra,” Comput. Mech., vol. 4, no. 

2, pp. 115–135, 1988, doi: 10.1007/BF00282414. 

[21] J. B. Kuipers, Quaternions and Rotation Sequences. Princeton University Press, 1999. 

doi: 10.1515/9780691211701. 

[22] A. Ibrahimbegovic and R. L. Taylor, “On the role of frame-invariance in structural 

mechanics models at finite rotations,” Comput. Methods Appl. Mech. Eng., vol. 191, pp. 

5159–5176, 2002, doi: 10.106/S00045-7825(02)00442-5. 

[23] J. H. Argyris et al., “Finite element method — the natural approach,” Comput. Methods 

Appl. Mech. Eng., vol. 17–18, pp. 1–106, 1979, doi: 10.1016/0045-7825(79)90083-5. 

[24] J. H. Argyris and Sp. Symeonidis, “Nonlinear finite element analysis of elastic systems 

under nonconservative loading-natural formulation. part I. Quasistatic problems,” 

Comput. Methods Appl. Mech. Eng., vol. 26, no. 1, pp. 75–123, 1981, doi: 

10.1016/0045-7825(81)90131-6. 

[25] J. H. Argyris and Sp. Symeonidis, “A sequel to: Nonlinear finite element analysis of 

elastic systems under nonconservative loading—Natural formulation. Part I. Quasistatic 

problems,” Comput. Methods Appl. Mech. Eng., vol. 26, no. 3, pp. 377–383, 1981, doi: 

10.1016/0045-7825(81)90123-7. 

[26] A. Ibrahimbegovic, “On the choice of finite rotation parameters,” Comput. Methods 
Appl. Mech. Eng., vol. 149, no. 1, pp. 49–71, 1997, doi: 10.1016/S0045-

7825(97)00059-5. 

[27] T. F. Wiener, “Theoretical analysis of gimballess inertial reference equipment using 

delta-modulated instruments,” Massachusetts Institute of Technology, 1962. 

[28] V. Milenković, “Coordinates Suitable for Angular Motion Synthesis in Robots,” in 

Proceedings of the Robots VI Conference, Detroit, 1982. 

[29] P. Betsch and P. Steinmann, “Frame-indifferent beam finite elements based upon the 

geometrically exact beam theory,” Int. J. Numer. Methods Eng., vol. 54, no. 12, pp. 

1775–1788, 2002, doi: 10.1002/nme.487. 

[30] P. Betsch and P. Steinmann, “Constrained dynamics of geometrically exact beams,” 

Comput. Mech., vol. 31, no. 1, pp. 49–59, 2003, doi: 10.1007/s00466-002-0392-1. 

[31] G. R. Cowper, “The Shear Coefficient in Timoshenko’s Beam Theory,” J. Appl. Mech., 

vol. 33, 1966, Art. no. 335, doi: 10.1115/1.3625046. 

[32] G. Kirchhoff, “Ueber das Gleichgewicht und die Bewegung eines unendlich dünnen 

elastischen Stabes.,” Journal für die reine und angewandte Mathematik, vol. 56, pp. 

285–313, 1859. 

[33] A. E. H. Love, A Treatise on the Mathematical Theory of Elasticity, 2nd ed. Cambridge 

University Press, 1906. 

[34] E. Reissner, “On one-dimensional finite-strain beam theory: The plane problem,” 

Zeitschrift für angewandte Mathematik und Physik ZAMP, vol. 23, no. 5, pp. 795–804, 

1972, doi: 10.1007/BF01602645. 

[35] E. Reissner, “On One-Dimensional Large-Displacement Finite-Strain Beam Theory,” 

Studies in Applied Mathematics, vol. 52, no. 2, pp. 87–95, 1973, doi: 

10.1002/sapm197352287. 

[36] E. Reissner, “On finite deformations of space-curved beams,” Zeitschrift für 

angewandte Mathematik und Physik ZAMP, vol. 32, no. 6, pp. 734–744, 1981, doi: 

10.1007/BF00946983. 

[37] M. A. Crisfield and G. Jelenić;, “Objectivity of strain measures in the geometrically 

exact three-dimensional beam theory and its finite-element implementation,” 

Proceedings of the Royal Society of London. Series A: Mathematical, Physical and 

Engineering Sciences, vol. 455, no. 1983, pp. 1125–1147, 1999, doi: 

10.1098/rspa.1999.0352. 



826 PROCEEDINGS OF INTERNATIONAL CONFERENCE ON CONTEMPORARY THEORY AND PRACTICE IN CONSTRUCTION XVII 

 

 

[38] S. S. Antman, “Kirchhoff’s problem for nonlinearly elastic rods,” Q. Appl. Math., vol. 

32, no. 3, pp. 221–240, 1974, doi: 10.1090/qam/667026. 

[39] S. S. Antman and K. B. Jordan, “Qualitative Aspects of the Spatial Deformation of Non-

linearly Elastic Rods.,” Proceedings of the Royal Society of Edinburgh Section A: 

Mathematics, vol. 73, pp. 85–105, 1975, doi: 10.1017/S0308210500016309. 

[40] J. C. Simo and L. Vu-Quoc, “On the dynamics in space of rods undergoing large 

motions — A geometrically exact approach,” Comput. Methods Appl. Mech. Eng., vol. 

66, no. 2, pp. 125–161, 1988, doi: 10.1016/0045-7825(88)90073-4. 

[41] J. C. Simo and L. Vu-Quoc, “A Geometrically-exact rod model incorporating shear and 

torsion-warping deformation,” Int. J. Solids Struct., vol. 27, no. 3, pp. 371–393, 1991, 

doi: 10.1016/0020-7683(91)90089-X. 

[42] J. C. Simo, “The (symmetric) Hessian for geometrically nonlinear models in solid 

mechanics: Intrinsic definition and geometric interpretation,” Comput. Methods Appl. 

Mech. Eng., vol. 96, no. 2, pp. 189–200, 1992, doi: 10.1016/0045-7825(92)90131-3. 

[43] A. Cardona and M. Geradin, “A beam finite element non-linear theory with finite 

rotations,” Int. J. Numer. Methods Eng., vol. 26, no. 11, pp. 2403–2438, 1988, doi: 

10.1002/nme.1620261105. 

[44] M. Iura and S. N. Atluri, “Dynamic analysis of finitely stretched and rotated three-

dimensional space-curved beams,” Comput. Struct., vol. 29, no. 5, pp. 875–889, 1988, 

doi: 10.1016/0045-7949(88)90355-0. 

[45] M. Iura and S. N. Atluri, “On a consistent theory, and variational formulation of finitely 

stretched and rotated 3-D space-curved beams,” Comput. Mech., vol. 4, no. 2, pp. 73–

88, 1989, doi: 10.1007/BF00282411. 

[46] L. A. Crivelli and C. A. Felippa, “A three-dimensional non-linear Timoshenko beam 

based on the core-congruential formulation,” Int. J. Numer. Methods Eng., vol. 36, no. 

21, pp. 3647–3673, 1993, doi: 10.1002/nme.1620362106. 

[47] A. Ibrahimbegović, “On finite element implementation of geometrically nonlinear 
Reissner’s beam theory: three-dimensional curved beam elements,” Comput. Methods 

Appl. Mech. Eng., vol. 122, no. 1–2, pp. 11–26, 1995, doi: 10.1016/0045-

7825(95)00724-F. 

[48] A. Ibrahimbegović, F. Frey, and I. Kožar, “Computational aspects of vector-like 

parametrization of three-dimensional finite rotations,” Int. J. Numer. Methods Eng., vol. 

38, no. 21, pp. 3653–3673, 1995, doi: 10.1002/nme.1620382107. 

[49] G. Jelenić and M. Saje, “A kinematically exact space finite strain beam model — finite 

element formulation by generalized virtual work principle,” Comput. Methods Appl. 

Mech. Eng., vol. 120, no. 1, pp. 131–161, 1995, doi: 10.1016/0045-7825(94)00056-S. 

[50] G. Jelenić and M. A. Crisfield, “Interpolation of rotational variables in nonlinear 

dynamics of 3D beams,” Int. J. Numer. Methods Eng., vol. 43, no. 7, pp. 1193–1222, 

1998, doi: 10.1002/(SICI)1097-0207(19981215)43:7<1193::AID-NME463>3.0.CO;2-

P. 

[51] W. M. Smoleński, “Statically and kinematically exact nonlinear theory of rods and its 

numerical verification,” Comput. Methods Appl. Mech. Eng., vol. 178, no. 1, pp. 89–

113, 1999, doi: 10.1016/S0045-7825(99)00006-7. 

[52] M. A. Crisfield, Non-Linear Finite Element Analysis of Solids and Structures, Advanced 

Topics, Volume 2, 2 edition. Chichester ; New York: Wiley, 1997. 

[53] G. Jelenić and M. A. Crisfield, “Geometrically exact 3D beam theory: implementation 

of a strain-invariant finite element for statics and dynamics,” Comput. Methods Appl. 

Mech. Eng., vol. 171, no. 1, pp. 141–171, 1999, doi: 10.1016/S0045-7825(98)00249-7. 

[54] Michel. Géradin and Alberto. Cardona, Flexible multibody dynamics : a finite element 

approach. John Wiley, 2001. 

[55] S. Ghosh and D. Roy, “Consistent quaternion interpolation for objective finite element 

approximation of geometrically exact beam,” Comput. Methods Appl. Mech. Eng., vol. 

198, no. 3, pp. 555–571, 2008, doi: 10.1016/j.cma.2008.09.004. 

[56] E. Zupan, M. Saje, and D. Zupan, “On a virtual work consistent three-dimensional 

Reissner–Simo beam formulation using the quaternion algebra,” Acta Mech., vol. 224, 

no. 8, pp. 1709–1729, 2013, doi: 10.1007/s00707-013-0824-3. 

[57] S. Ghosh and D. Roy, “A frame-invariant scheme for the geometrically exact beam 
using rotation vector parametrization,” Comput. Mech., vol. 44, no. 1, pp. 103–118, 

2009, doi: 10.1007/s00466-008-0358-z. 



827 PROCEEDINGS OF INTERNATIONAL CONFERENCE ON CONTEMPORARY THEORY AND PRACTICE IN CONSTRUCTION XVII 

 

 

[58] O. Sander, “Geodesic finite elements for Cosserat rods,” Int. J. Numer. Methods Eng., 

vol. 82, no. 13, pp. 1645–1670, Jun. 2010, doi: 10.1002/nme.2814. 

[59] I. Romero, “The interpolation of rotations and its application to finite element models 

of geometrically exact rods,” Comput. Mech., vol. 34, no. 2, pp. 121–133, 2004, doi: 

10.1007/s00466-004-0559-z. 

[60] V. Sonneville, A. Cardona, and O. Brüls, “Geometrically exact beam finite element 

formulated on the special Euclidean group,” Comput. Methods Appl. Mech. Eng., vol. 

268, pp. 451–474, 2014, doi: 10.1016/j.cma.2013.10.008. 

[61] D. Zupan and M. Saje, “Finite-element formulation of geometrically exact three-

dimensional beam theories based on interpolation of strain measures,” Comput. 

Methods Appl. Mech. Eng., vol. 192, no. 49, pp. 5209–5248, 2003, doi: 

10.1016/j.cma.2003.07.008. 

[62] P. Češarek, M. Saje, and D. Zupan, “Kinematically exact curved and twisted strain-

based beam,” Int. J. Solids Struct., vol. 49, no. 13, pp. 1802–1817, 2012, doi: 

10.1016/j.ijsolstr.2012.03.033. 

[63] J. Mäkinen, “Rotation manifold SO(3) and its tangential vectors,” Comput. Mech., vol. 

42, no. 6, pp. 907–919, 2008, doi: 10.1007/s00466-008-0293-z. 

[64] J. Mäkinen, R. Kouhia, A. Fedoroff, and H. Marjamäki, “Direct computation of critical 

equilibrium states for spatial beams and frames,” Int. J. Numer. Methods Eng., vol. 89, 

no. 2, pp. 135–153, 2012, doi: 10.1002/nme.3233. 

[65] I. Romero, “A comparison of finite elements for nonlinear beams: the absolute nodal 

coordinate and geometrically exact formulations,” Multibody Syst. Dyn., vol. 20, no. 1, 

pp. 51–68, 2008, doi: 10.1007/s11044-008-9105-7. 

[66] D. Magisano, L. Leonetti, and G. Garcea, “How to improve efficiency and robustness 

of the Newton method in geometrically non-linear structural problem discretized via 
displacement-based finite elements,” Comput. Methods Appl. Mech. Eng., vol. 313, pp. 

986–1005, 2017, doi: 10.1016/j.cma.2016.10.023. 

[67] D. Magisano, L. Leonetti, A. Madeo, and G. Garcea, “A large rotation finite element 

analysis of 3D beams by incremental rotation vector and exact strain measure with all 

the desirable features,” Comput. Methods Appl. Mech. Eng., vol. 361, 2020, Art. no. 

112811, doi: 10.1016/j.cma.2019.112811. 

[68] A. Ibrahimbegovic and R. L. Taylor, “On the role of frame-invariance in structural 

mechanics models at finite rotations,” Comput. Methods Appl. Mech. Eng., vol. 191, no. 

45, pp. 5159–5176, 2002, doi: 10.1016/S0045-7825(02)00442-5. 

[69] H. Weiss, “Dynamics of Geometrically Nonlinear Rods: I. Mechanical Models and 

Equations of Motion,” Nonlinear Dyn., vol. 30, no. 4, pp. 357–381, 2002, doi: 

10.1023/A:1021268325425. 

[70] F. Boyer, G. De Nayer, A. Leroyer, and M. Visonneau, “Geometrically Exact Kirchhoff 

Beam Theory: Application to Cable Dynamics,” J. Comput. Nonlinear Dyn., vol. 6, no. 

4, 2011, doi: 10.1115/1.4003625. 

[71] F. Armero and J. Valverde, “Invariant Hermitian finite elements for thin Kirchhoff rods. 

I: The linear plane case,” Comput. Methods Appl. Mech. Eng., vol. 213–216, pp. 427–

457, 2012, doi: 10.1016/j.cma.2011.05.009. 

[72] F. Armero and J. Valverde, “Invariant Hermitian finite elements for thin Kirchhoff rods. 

II: The linear three-dimensional case,” Comput. Methods Appl. Mech. Eng., vol. 213–

216, pp. 458–485, 2012, doi: 10.1016/j.cma.2011.05.014. 

[73] C. Meier, A. Popp, and W. A. Wall, “An objective 3D large deformation finite element 

formulation for geometrically exact curved Kirchhoff rods,” Comput. Methods Appl. 

Mech. Eng., vol. 278, pp. 445–478, 2014, doi: 10.1016/j.cma.2014.05.017. 

[74] C. Meier, A. Popp, and W. A. Wall, “A locking-free finite element formulation and 

reduced models for geometrically exact Kirchhoff rods,” Comput. Methods Appl. Mech. 

Eng., vol. 290, pp. 314–341, 2015, doi: 10.1016/j.cma.2015.02.029. 

[75] C. Meier, M. J. Grill, W. A. Wall, and A. Popp, “Geometrically exact beam elements 
and smooth contact schemes for the modeling of fiber-based materials and structures,” 

Int. J. Solids Struct., vol. 154, pp. 124–146, 2018, doi: 10.1016/j.ijsolstr.2017.07.020. 

[76] T. Belytschko, L. Schwer, and M. J. Klein, “Large displacement, transient analysis of 

space frames,” Int. J. Numer. Methods Eng., vol. 11, no. 1, pp. 65–84, 1977, doi: 

10.1002/nme.1620110108. 



828 PROCEEDINGS OF INTERNATIONAL CONFERENCE ON CONTEMPORARY THEORY AND PRACTICE IN CONSTRUCTION XVII 

 

 

[77] M. A. Crisfield and G. F. Moita, “A unified co-rotational framework for solids, shells 

and beams,” Int. J. Solids Struct., vol. 33, no. 20, pp. 2969–2992, 1996, doi: 

10.1016/0020-7683(95)00252-9. 

[78] C. A. Felippa and B. Haugen, “A unified formulation of small-strain corotational finite 

elements: I. Theory,” Comput. Methods Appl. Mech. Eng., vol. 194, no. 21–24, pp. 

2285–2335, 2005, doi: 10.1016/j.cma.2004.07.035. 

[79] R. Alsafadie, M. Hjiaj, and J.-M. Battini, “Corotational mixed finite element 

formulation for thin-walled beams with generic cross-section,” Comput. Methods Appl. 

Mech. Eng., vol. 199, no. 49–52, pp. 3197–3212, 2010, doi: 10.1016/j.cma.2010.06.026. 

[80] A. A. Shabana, “Computer Implementation of the Absolute Nodal Coordinate 

Formulation for Flexible Multibody Dynamics,” Nonlinear Dyn., vol. 16, no. 3, pp. 

293–306, 1998, doi: 10.1023/A:1008072517368. 

[81] A. A. Shabana and R. Y. Yakoub, “Three Dimensional Absolute Nodal Coordinate 

Formulation for Beam Elements: Theory,” Journal of Mechanical Design, vol. 123, no. 

4, pp. 606–613, 2001, doi: 10.1115/1.1410100. 

[82] R. Y. Yakoub and A. A. Shabana, “Three Dimensional Absolute Nodal Coordinate 

Formulation for Beam Elements: Implementation and Applications,” Journal of 

Mechanical Design, vol. 123, no. 4, pp. 614–621, 2001, doi: 10.1115/1.1410099. 

[83] K. Nachbagauer, P. Gruber, and J. Gerstmayr, “Structural and Continuum Mechanics 

Approaches for a 3D Shear Deformable ANCF Beam Finite Element: Application to 

Static and Linearized Dynamic Examples,” J. Comput. Nonlinear Dyn., vol. 8, no. 2, 

2013, doi: 10.1115/1.4006787. 

[84] H. Kuo-Mo, H. Horng-Jann, and C. Yeh-Ren, “A corotational procedure that handles 
large rotations of spatial beam structures,” Comput. Struct., vol. 27, no. 6, pp. 769–781, 

1987, doi: 10.1016/0045-7949(87)90290-2. 

[85] J.-M. Battini and C. Pacoste, “Co-rotational beam elements with warping effects in 

instability problems,” Comput. Methods Appl. Mech. Eng., vol. 191, no. 17, pp. 1755–

1789, 2002, doi: 10.1016/S0045-7825(01)00352-8. 

[86] C. C. Rankin and F. A. Brogan, “An element independent corotational procedure for the 

treatment of large rotations,” Journal of Pressure Vessel Technology-transactions of 

The Asme, vol. 108, no. 2, pp. 165–174, 1986, doi: 10.1115/1.3264765. 

[87] C. Pacoste and A. Eriksson, “Beam elements in instability problems,” Comput. Methods 

Appl. Mech. Eng., vol. 144, no. 1–2, pp. 163–197, 1997, doi: 10.1016/S0045-

7825(96)01165-6. 

[88] A. A. Shabana, “Definition of the Slopes and the Finite Element Absolute Nodal 

Coordinate Formulation,” Multibody Syst. Dyn., vol. 1, no. 3, pp. 339–348, 1997, doi: 

10.1023/A:1009740800463. 

[89] J. Gerstmayr, H. Sugiyama, and A. Mikkola, “Review on the Absolute Nodal 

Coordinate Formulation for Large Deformation Analysis of Multibody Systems,” J. 

Comput. Nonlinear Dyn., vol. 8, no. 3, 2013, doi: 10.1115/1.4023487. 

[90] K. Otsuka, K. Makihara, and H. Sugiyama, “Recent Advances in the Absolute Nodal 

Coordinate Formulation: Literature Review From 2012 to 2020,” J. Comput. Nonlinear 

Dyn., vol. 17, no. 8, 2022, doi: 10.1115/1.4054113. 

[91] L. P. Obrezkov, A. Mikkola, and M. K. Matikainen, “Performance review of locking 

alleviation methods for continuum ANCF beam elements,” Nonlinear Dyn., vol. 109, 

no. 2, pp. 531–546, 2022, doi: 10.1007/s11071-022-07518-z. 

[92] M. Zheng, M. Tong, J. Chen, and L. Li, “A new locking-free beam element based on 

absolute nodal coordinates,” Acta Mech., vol. 235, no. 1, pp. 267–284, 2024, doi: 

10.1007/s00707-023-03745-6. 

[93] T. J. R. Hughes, J. A. Cottrell, and Y. Bazilevs, “Isogeometric analysis: CAD, finite 

elements, NURBS, exact geometry and mesh refinement,” Comput. Methods Appl. 

Mech. Eng., vol. 194, no. 39–41, pp. 4135–4195, 2005, doi: 10.1016/j.cma.2004.10.008. 

[94] J. A. Cottrell, T. J. R. Hughes, and Y. Bazilevs, Isogeometric Analysis. Wiley, 2009. 

doi: 10.1002/9780470749081. 

[95] T. J. R. Hughes, A. Reali, and G. Sangalli, “Efficient quadrature for NURBS-based 
isogeometric analysis,” Comput. Methods Appl. Mech. Eng., vol. 199, no. 5–8, pp. 301–

313, 2010, doi: 10.1016/j.cma.2008.12.004. 



829 PROCEEDINGS OF INTERNATIONAL CONFERENCE ON CONTEMPORARY THEORY AND PRACTICE IN CONSTRUCTION XVII 

 

 

[96] J. A. Cottrell, T. J. R. Hughes, and A. Reali, “Studies of refinement and continuity in 

isogeometric structural analysis,” Comput. Methods Appl. Mech. Eng., vol. 196, no. 41–

44, pp. 4160–4183, Sep. 2007, doi: 10.1016/j.cma.2007.04.007. 

[97] L. Beirão da Veiga, C. Lovadina, and A. Reali, “Avoiding shear locking for the 

Timoshenko beam problem via isogeometric collocation methods,” Comput. Methods 

Appl. Mech. Eng., vol. 241–244, pp. 38–51, 2012, doi: 10.1016/j.cma.2012.05.020. 

[98] J. Kiendl, F. Auricchio, T. J. R. Hughes, and A. Reali, “Single-variable formulations 

and isogeometric discretizations for shear deformable beams,” Comput. Methods Appl. 

Mech. Eng., vol. 284, pp. 988–1004, 2015, doi: 10.1016/j.cma.2014.11.011. 

[99] F. Auricchio, L. Beirão da Veiga, J. Kiendl, C. Lovadina, and A. Reali, “Locking-free 

isogeometric collocation methods for spatial Timoshenko rods,” Comput. Methods 

Appl. Mech. Eng., vol. 263, pp. 113–126, 2013, doi: 10.1016/j.cma.2013.03.009. 

[100] E. Marino, “Isogeometric collocation for three-dimensional geometrically exact 

shear-deformable beams,” Comput. Methods Appl. Mech. Eng., vol. 307, pp. 383–410, 

2016, doi: 10.1016/j.cma.2016.04.016. 

[101] E. Marino, “Locking-free isogeometric collocation formulation for three-

dimensional geometrically exact shear-deformable beams with arbitrary initial 

curvature,” Comput. Methods Appl. Mech. Eng., vol. 324, pp. 546–572, 2017, doi: 

10.1016/j.cma.2017.06.031. 

[102] O. Weeger, S.-K. Yeung, and M. L. Dunn, “Isogeometric collocation methods for 

Cosserat rods and rod structures,” Comput. Methods Appl. Mech. Eng., vol. 316, pp. 

100–122, 2017, doi: 10.1016/j.cma.2016.05.009. 

[103] O. Weeger, S.-K. Yeung, and M. L. Dunn, “Fully isogeometric modeling and 
analysis of nonlinear 3D beams with spatially varying geometric and material 

parameters,” Comput. Methods Appl. Mech. Eng., vol. 342, pp. 95–115, 2018, doi: 

10.1016/j.cma.2018.07.033. 

[104] E. Marino, J. Kiendl, and L. De Lorenzis, “Explicit isogeometric collocation for 

the dynamics of three-dimensional beams undergoing finite motions,” Comput. 

Methods Appl. Mech. Eng., vol. 343, pp. 530–549, 2019, doi: 

10.1016/j.cma.2018.09.005. 

[105] E. Marino, J. Kiendl, and L. De Lorenzis, “Isogeometric collocation for implicit 

dynamics of three-dimensional beams undergoing finite motions,” Comput. Methods 

Appl. Mech. Eng., vol. 356, pp. 548–570, 2019, doi: 10.1016/j.cma.2019.07.013. 

[106] M.-J. Choi and S. Cho, “Isogeometric configuration design sensitivity analysis of 

geometrically exact shear-deformable beam structures,” Comput. Methods Appl. Mech. 

Eng., vol. 351, pp. 153–183, 2019, doi: 10.1016/j.cma.2019.03.032. 

[107] D. Vo and P. Nanakorn, “A total Lagrangian Timoshenko beam formulation for 

geometrically nonlinear isogeometric analysis of planar curved beams,” Acta Mech., 

vol. 231, no. 7, pp. 2827–2847, 2020, doi: 10.1007/s00707-020-02675-x. 

[108] D. Vo, P. Nanakorn, and T. Q. Bui, “A total Lagrangian Timoshenko beam 

formulation for geometrically nonlinear isogeometric analysis of spatial beam 

structures,” Acta Mech., vol. 231, no. 9, pp. 3673–3701, 2020, doi: 10.1007/s00707-

020-02723-6. 

[109] D. Vo, P. Nanakorn, T. Q. Bui, and J. Rungamornrat, “Locking-free isogeometric 

Timoshenko–Ehrenfest beam formulations for geometrically nonlinear analysis of 

planar beam structures,” Mechanics of Advanced Materials and Structures, vol. 31, no. 

2, pp. 356–377, 2024, doi: 10.1080/15376494.2022.2114044. 

[110] D. Magisano, L. Leonetti, and G. Garcea, “Isogeometric analysis of 3D beams for 
arbitrarily large rotations: Locking-free and path-independent solution without 

displacement DOFs inside the patch,” Comput. Methods Appl. Mech. Eng., vol. 373, 

2021, Art. no. 113437, doi: 10.1016/j.cma.2020.113437. 

[111] M.-J. Choi, R. A. Sauer, and S. Klinkel, “An isogeometric finite element 

formulation for geometrically exact Timoshenko beams with extensible directors,” 

Comput. Methods Appl. Mech. Eng., vol. 385, 2021, Art. no. 113993, doi: 

10.1016/j.cma.2021.113993. 

[112] M.-J. Choi, S. Klinkel, and R. A. Sauer, “An isogeometric finite element 

formulation for frictionless contact of Cosserat rods with unconstrained directors,” 

Comput. Mech., vol. 70, no. 6, pp. 1107–1144, 2022, doi: 10.1007/s00466-022-02223-

5. 



830 PROCEEDINGS OF INTERNATIONAL CONFERENCE ON CONTEMPORARY THEORY AND PRACTICE IN CONSTRUCTION XVII 

 

 

[113] M. J. Choi, R. A. Sauer, and S. Klinkel, “A selectively reduced degree basis for 

efficient mixed nonlinear isogeometric beam formulations with extensible directors,” 

Comput. Methods Appl. Mech. Eng., vol. 417, 2023, Art. no. 116387, doi: 

10.1016/j.cma.2023.116387. 

[114] G. Ferri, J. Kiendl, A. Reali, and E. Marino, “A fully explicit isogeometric 

collocation formulation for the dynamics of geometrically exact beams,” Comput. 

Methods Appl. Mech. Eng., vol. 431, 2024, Art. no. 117283, doi: 

10.1016/j.cma.2024.117283. 

[115] M. J. Choi, S. Klinkel, S. Klarmann, and R. A. Sauer, “An objective isogeometric 

mixed finite element formulation for nonlinear elastodynamic beams with incompatible 

warping strains,” Multibody System Dynamics 2024 63:4, vol. 63, no. 4, pp. 615–668, 

2024, doi: 10.1007/s11044-024-10037-x. 

[116] O. Weeger, D. Schillinger, and R. Müller, “Mixed isogeometric collocation for 

geometrically exact 3D beams with elasto-visco-plastic material behavior and softening 

effects,” Comput. Methods Appl. Mech. Eng., vol. 399, 2022, Art. no. 115456, doi: 

10.1016/j.cma.2022.115456. 

[117] L. Greco and M. Cuomo, “B-Spline interpolation of Kirchhoff-Love space rods,” 
Comput. Methods Appl. Mech. Eng., vol. 256, pp. 251–269, 2013, doi: 

10.1016/j.cma.2012.11.017. 

[118] L. Greco and M. Cuomo, “An implicit multi patch B-spline interpolation for 

Kirchhoff–Love space rod,” Comput. Methods Appl. Mech. Eng., vol. 269, pp. 173–

197, 2014, doi: 10.1016/j.cma.2013.09.018. 

[119] L. Greco and M. Cuomo, “Consistent tangent operator for an exact Kirchhoff rod 

model,” Continuum Mechanics and Thermodynamics, vol. 27, no. 4–5, pp. 861–877, 

2015, doi: 10.1007/s00161-014-0361-x. 

[120] L. Greco and M. Cuomo, “An isogeometric implicit G1 mixed finite element for 

Kirchhoff space rods,” Comput. Methods Appl. Mech. Eng., vol. 298, pp. 325–349, 

2016, doi: 10.1016/j.cma.2015.06.014. 

[121] A. M. Bauer, M. Breitenberger, B. Philipp, R. Wüchner, and K. U. Bletzinger, 

“Nonlinear isogeometric spatial Bernoulli beam,” Comput. Methods Appl. Mech. Eng., 

vol. 303, pp. 101–127, 2016, doi: 10.1016/j.cma.2015.12.027. 

[122] D. Vo, P. Nanakorn, and T. Q. Bui, “Geometrically nonlinear multi-patch 

isogeometric analysis of spatial Euler–Bernoulli beam structures,” Comput. Methods 

Appl. Mech. Eng., vol. 380, 2021, Art. no. 113808, doi: 10.1016/j.cma.2021.113808. 

[123] L. Greco, A. Scrofani, and M. Cuomo, “A non-linear symmetric G1-conforming 

Bézier finite element formulation for the analysis of Kirchhoff beam assemblies,” 

Comput. Methods Appl. Mech. Eng., vol. 387, 2021, Art. no. 114176, doi: 

10.1016/j.cma.2021.114176. 

[124] L. Greco, M. Cuomo, D. Castello, and A. Scrofani, “An updated Lagrangian 

Bézier finite element formulation for the analysis of slender beams,” Mathematics and 

Mechanics of Solids, vol. 27, no. 10, pp. 2110–2138, 2022, doi: 

10.1177/10812865221101549. 

[125] S. Herath and G. Yin, “On the geometrically exact formulations of finite 

deformable isogeometric beams,” Comput. Mech., vol. 67, no. 6, pp. 1705–1717, 2021, 

doi: 10.1007/s00466-021-02015-3. 

[126] A. Borković, S. Kovačević, G. Radenković, S. Milovanović, and M. Guzijan-
Dilber, “Rotation-free isogeometric analysis of an arbitrarily curved plane Bernoulli–

Euler beam,” Comput. Methods Appl. Mech. Eng., vol. 334, pp. 238–267, 2018, doi: 

10.1016/j.cma.2018.02.002. 

[127] A. Borković, S. Kovačević, G. Radenković, S. Milovanović, and D. Majstorović, 

“Rotation-free isogeometric dynamic analysis of an arbitrarily curved plane Bernoulli-

Euler beam,” Eng. Struct., vol. 181, pp. 192–215, 2019, doi: 

10.1016/j.engstruct.2018.12.003. 

[128] G. Radenković and A. Borković, “On the analytical approach to the linear analysis 

of an arbitrarily curved spatial Bernoulli–Euler beam,” Appl. Math. Model., vol. 77, pp. 

1603–1624, 2020, doi: 10.1016/j.apm.2019.09.012. 

[129] G. Radenković and A. Borković, “Linear static isogeometric analysis of an 

arbitrarily curved spatial Bernoulli–Euler beam,” Comput. Methods Appl. Mech. Eng., 

vol. 341, pp. 360–396, 2018, doi: 10.1016/j.cma.2018.07.010. 



831 PROCEEDINGS OF INTERNATIONAL CONFERENCE ON CONTEMPORARY THEORY AND PRACTICE IN CONSTRUCTION XVII 

 

 

[130] G. Radenković, Konačne rotacije i deformacije u izogeometrijskoj teoriji nosača. 

Univerzitet u Beogradu-Arhitektonski fakultet, 2017. 

[131] A. Borković, B. Marussig, and G. Radenković, “Geometrically exact static 

isogeometric analysis of an arbitrarily curved spatial Bernoulli–Euler beam,” Comput. 

Methods Appl. Mech. Eng., vol. 390, 2022, Art. no. 114447, doi: 

10.1016/j.cma.2021.114447. 

[132] A. Borković, M. H. Gfrerer, and B. Marussig, “Geometrically exact isogeometric 

Bernoulli–Euler beam based on the Frenet–Serret frame,” Comput. Methods Appl. 

Mech. Eng., vol. 405, 2023, Art. no. 115848, doi: 10.1016/j.cma.2022.115848. 

[133] A. Borković, M. H. Gfrerer, R. A. Sauer, B. Marussig, and T. Q. Bui, “A novel 

section–section potential for short-range interactions between plane beams,” Comput. 

Methods Appl. Mech. Eng., vol. 429, no. 51, 2024, Art. no. 117143, doi: 

10.1016/j.cma.2024.117143. 

[134] A. Borković, M. H. Gfrerer, and R. A. Sauer, “New analytical laws and 

applications of interaction potentials with a focus on van der Waals attraction,” Appl. 

Math. Model., vol. 145, 2025, Art. no. 116100, doi: 10.1016/j.apm.2025.116100. 

A. Borković, M. H. Gfrerer, R. A. Sauer, and B. Marussig, “Efficient snap-to-contact 

computations for van der Waals interacting fibers,” European Journal of Mechanics - 

A/Solids, vol. 116, 2026, Art. no. 105919, doi: 10.1016/j.euromechsol.2025.105919.



  S O ( 3 )


  S O ( 3 )


  S E ( 3 )


  S O ( 3 )


  S O ( 3 )


  S O ( 3 )


  S O ( 3 )


  S O ( 3 )


  S O ( 3 )


  S O ( 3 )


  S O ( 3 )


  𝜑 = 2 𝜋


   ℝ 3


  𝜑 = 𝜋


  S O ( 3 )


  − 𝒏


  𝒏


  𝜑 = 𝜋


  − 𝒒


  𝒒


  S O ( 3 )


   ℝ 3


  S O ( 3 )


  𝝋


  𝐓 ( 𝝋 )


  →       𝝋 ^  n e w ≠   𝝋 ^ +   Δ 𝝋 ^


    𝐑 new = e x p  (     𝝋 ^  n e w ) = exp ⁡ (   Δ 𝝋 ^ )   𝐑 = exp ⁡ (   Δ 𝝋 ^ )   exp ⁡ (   𝝋 ^ ) ≠ exp ⁡ (   𝝋 ^ +   Δ 𝝋 ^ )   


  Δ 𝝋


  S O ( 3 )


  e x p  (   𝝋 ^ )


      𝝋 ^  R


    𝝋 ^


    T  R S O  ( 3 )


    T  I S O  ( 3 )


  S O ( 3 )


  S O ( 3 )


    T  I S O  ( 3 )


    𝝋 ^


  exp ⁡ (   𝝋 ^ )


  S O ( 3 )


  2 π


  φ   <   π


  𝝋 ∈  ℝ 3


    𝝋 ^


  𝐑 = exp ⁡ (   𝝋 ^ ) = 𝐈 +    sin ⁡  𝜑  𝜑     𝝋 ^ +   1 − cos ⁡ 𝜑    𝜑 2       𝝋 ^ 2


  𝜑


  𝝋 = 𝜑   𝐧


  S O ( 3 )


  s o ( 3 )


  s o ( 3 )


  S O ( 3 )


  s o ( 3 ) : =  {   𝐀 ^ :   E 3 →   E 3   linear    |     𝐀 ^  𝑻 = −   𝐀 ^ } .


  s o ( 3 )


  S O ( 3 )


    𝐑 1   𝐑 2 ≠   𝐑 2   𝐑 1 .


  S O ( 3 )


    𝐯 ′ = 𝐑 𝐯


  𝐯 ∈  ℝ 3


    E 3


  S O ( 3 ) : =  { 𝐑 :   E 3 →   E 3   linear    |   𝐑  T 𝐑 = 𝐈 ,   det 𝐑 = 1 }


  S O ( 3 )


  S O ( 3 )


  S O ( 3 )



