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SOME RECURRENCE FORMULAS FOR A NEW CLASS OF SPECIAL
POLYNOMIALS AND SPECIAL FUNCTIONS

Abstract:

In this paper we used a new class of special functions and special polynomials which are solutions
different Sturm Liouvile differential equations of second order. These functions form a basis of a
space of square integrable functions over set of a real numbers. We investigated some properties of
these polynomials and established some recurrence formulas. Using a new class of special functions,
we obtained some useful summation formulas and recurrence formulas.
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HEKE PEKYP3UBHE ®OPMYJIE 3A HOBY KJIACY CIIEHHUJAJTHUX
ITOJIMHOMA U CIHEIMJAJIHUX ®YHKIIUJA

Carcemax:

VY pamy cMO KOPHUCTHJIM HOBY KJIacy CIICIUjalHUX (YHKIHMja W CICIHjaJHUX MOJIMHOMA KOjH Cy
pjemema pazmmuntux lltypm JlmyBmmoBux audepeHIHjalHUX jeOHAYWHA ApPYyror pema. Te
¢ysxamje Gpopmupajy 6a3zy mpocTopa KBaapaTHO MHTErpadbmwiHnX (yHKIHja. Mcnuramm cMo Heke
0ocoOWHEe TakBHX MOJMHOMA W TOOWJIM peKyp3WBHE penamnuje ca muMma. Kopucrehm HOBY Kiacy
crienyjaaHux QyHKIHja 100 cMO KOpUCHE GopMyJie 3a CyMHpame, Kao U peKyp3UBHE peJianuje
ca TakBUM (yHKIHjama.

Kwyune pujeuu: ougpepenyujanne jeonauune, pexypsusne popmyne, cneyujaine QyHyuje,
CneyujarHu NOTUHOMU



1. INTRODUCTION

Orthogonal polynomials (Hermite, Laguerre, etc, [1-6]) and orthonormal functions (Hermite,
Laguerre, etc [7], [8]) are very useful and have many applications in engineering. Orthogonal
polynomials play an important role in the study of wave mechanics, heat conduction,
electromagnetic theory, quantum mechanics and mathematical statistics. Some of those polynomials
are used in the field of construction, for example for the beam bending test [9]. Hermite
polynomials are readily applied in computational mechanics for a spatial discretization of the
kinematic field. Standard applications include structural analysis of beams [10] and shells [11].

A recurrence relation is an equation that defines a sequence based on a rule that gives the next term
as a function of the previous term (or terms). The simplest form of a recurrence relation is the case
where the next term depends only on the immediately previous term. A recurrence relation can also
be higher order £>2, where the term a,,, could depend not only on the previous term a,, but also
on earlier terms a,_1, ay_3, ..., Qn_g4+1 [12]. Recursive techniques are very useful for calculation. In
[4] are given many recursive relations with orthogonal polynomials (orthogonal polynomials have
three order recursive relations). Motivation for this paper is to establish recurrence formulas for a
new class of special polynomials and special functions introduced in [2].

A special polynomials of the form

Fo(x) =1
— N2nY N n+k (2N 2k
Fan(®) = Re((x = ™) = B_o(-1)"* (5) x (1
Fon1 () = Im((e = D2) = By (- 1mert (21 ) a2t

are studied in [3]. Although they are non-orthogonal, they play important role because are
enumerators of rational functions of the form

Fon Fyp_
on(x):(z—(x) on—l(x)=(2¢ neNn. (2)

x24+1)1+1/2 x2+1)n+1/2

It is shown in [2] that these functions are solutions of the Sturm-Liouville differential equation
1+x2)%y"(x)+4x(1+xD)y'(x) + (1 +2x% + 4nH)y(x) = 0

and form an orthonormal basis of L%(R) space.

2. PRELIMINARIES AND NOTATION

We use the following notation: N, R, C for sets of natural, real and complex numbers, respectively.
By i we denote the imaginary unit, Re(z) and Im(z) means the real part and the imaginary part of the
complex number z, respectively. By L(R) [13] we mean the space of square integrable functions
over R, that is

L’(R) = {f:R ~ C| [, If () Pdx < o0}

In [3] are determined generating functions for polynomials F,(x),n € N and obtained very useful
and interesting summation formulas. Also, it is proven in [3] that special polynomials F,(x),n €
N satisfy (Vx,t € R)

o Fan(x)
I % t2" = cost cosh(xt) 3)
> Fzg‘—ﬁlx) t2" = —sin t sinh(xt) 4)

If we putt = 1 in (3) and (4) we obtain
e* = sinh(x) + cosh(x)

x _ 1 w F2n(x) _ 1 w Fon-1(x)
e = cos1 Zn:O (2n)! sin1 Zn:l (2n)! ®)
Below are some formulas proven in [3].
For every x,t€R it holds that
¥ (-1)" F(Zzn—g) t2" = cos (xt)cosh (£) (6)

Yo (-1)" Fz(”z—nl)(") £2" = sin (xt)sinh (¢) 7)



If weputt = 1 in (6) and (7) we obtain

n FZn(x)
cos(x) = oshlzn o(~ 1) 22 ®)
Fan-1(x)
sin(x) = = ¥ (- D" EEE ©)
For every x, t€R it holds that
Sz " = e cos(2xt) (10)
> 1F2”—1(x)t —e**t=t sin(2xt) (11)

3. RECURRENCE FORMULAS FOR SPECIAL POLYNOMIALS

Research with a new class of special polynomials is in its infancy. There are no recurrence relations
with them, so in this section we give some interesting recursive relations with special polynomials
F,(x),n€N.

Proposition 3.1: For special polynomials F,(x),n € N it holds that

Fniz(x) = 2(n + 1) (xFan(X) + Fap_1(x)) (12)
Fopia(x) = (2% = 1)Fpp (%) + 2xF5_4(x) (13)
XFyp (%) = n((x? + DFp_2(x) + Fop(x)) (14)

Proof: If we derivate equation (10) by x we obtain (we can derivate since it converge for (Vx € R))

 Fy (x ,
Z ZZ—E)t" = (e*"t7t cos(2xt)), = 2xte* =t cos(2xt) — 2te* ttsin (2xt)

n=0

~oxt Z Fon(x) 4 o z Fon—1(x) o z 2xF5, (x) e Z 2F554(x) gt

n! n! n! n!

o n=0 n=0 n=1

2xFy (1) (%) 2Fz(n 1-1(%) 2xFyn_5(x) + 2F5,_3(x)
=Y BP0 2Fr0oi @) g z o
Z m—1p o T *Fo()t + (n—1)!
= n=

From above equations we have

FO(x) + FZ(x)t + z Zn ( ) = ZXFO(x)t + Z ZxFZn 2_+1§f'2n 3.n

Since Fy(x) =1 = Fo(x) =0 and Fz(x) =x?-1> Fz(x) = 2x we have

FZn(x) ZxFZn Z(x) + 2F'Zn 3(x)
Z n! Z (n—1)! &

n=2 n=2
This implies Fy, (x) = 2n(xFyy-5(x) + Fan_3(x)), n>2, so we obtain (12). To get (13) we derivate
(10) by ¢, so we have
FZn(x) £n-
(n—1)!

w _ 1) Z FZn(x) 42 Z Fon- 1(x)

Z Foni2(x) " = (k2 — 1)Fy(x) + Z (x? 1)F2n(x) + 2xFp - 1(x)

n! n!

1= (x2 — 1)e*"tt cos(2xt) — 2xe* ttsin(2xt)

n=0

Fz(x)+z Pon2) i _ (2 —1)F0(x)+z( = DFon®) + 2xFon ()

n!

Since Fy(x) = 1and F,(x) = x? — 1, from the last equality we obtain (13).
Notice that

aax o Fz’:jx) = 2xte*’t~t cos 2xt — 2te* t~tsin 2xt (15)
—Z°° Fan() ym — (x% — 1)e*"tt cos 2xt — 2xe* t~tsin2xt (16)

n!

If we multiply (15) by x and (16) by (-t) we obtain



Fon(x 6 > Fy (x
t(x2 + 1)e*"t~t cos 2xt—x—z 2n( ) Z zn( )t”

at n!
o n=0
Fon(x F(x Fo(x
t(x2+1)zzn—()tn=xz Zn( )tn—t Zn( ) tn_l
n! n! (n—1)!
n;ﬁ n:og n=°3
(xz + 1) Z FZn(x) tn+1 — Z xFZn(x) oo FZn(x) £n
n! n! (n—-1)!
n=0 n=0 n=1

o0 xFZn(x)
( ) FZn(x)
1 z Fon—s R Z
(x*+1) =1 xFo(x) + =D
Since Fy(x) = 0 we obtain (14).
Proposition 3.2: For special polynomials E,(x),n € N it holds that

F2'n+1(x) =2+ D (xFpp-1(x) = Fop(x)) 17)
' Foni1(x) = (x? — DF;p1(x) = 2xF;,(x) (18)
XFyp i1 (X) = (n+ D((x% + DFpn_1 (%) + Fapyr () (19)

Proof: The proof is similar like those in Proposition 3.1. To obtain (17) we derivate (11) by x, and
to get (18) we derivate (11) by t. Relation (19) we obtain on the same way as in Proposition 3.1 (see
(15) and (16)).

4. RECURRENCE FORMULAS FOR SPECIAL FUNCTIONS

In this section we give some generating functions for a new class of special functions f;,(x),n € N,.
Using these sumation formulas we obtain interesting recursive formulas for f;,(x),n € Nj.

Proposition 4.1: For special functions f,,(x),n € Ny and |t]| < 1 it holds that

o n_ 1 x%(1-t)+1+t
Zn:O on(x)t - \/mxz(l—t)2+(1+t)2 (20)
. 1 2xt
anl on—l(x)tn = - ) (21)

Va2+1 x2(1-t)%2+(1+1)?
. . 1 . . . .
Proof: We use geometric series Y a—o X™ = — |x| < 1. Taking real and imaginary parts in

zfn(x)n_\/ﬁz<x+l) e \/%1 ;

x
x+
1

3 x+i 3 < x2(1—-t)+1+t )
V(- xt) + i +D) VxZ+1\x2(L -6+ (1 +1)2

) 1 2xt
- ’m(xzu —02+(1+ t)Z)
we obtain (20) and (21).
Proposition 4.2: For special functions f,,(x),n € N, it holds that (Vt € R)

2
o fon(X) ,n _ X _1t 2xt
me0 T S R T 0% (22)
2
o Jan-1(¥) n _ i
n=1= ot = —mexzﬂ sin—— (23)
Pmof' Taking real and imaginary parts in
) Z ( ) A S
e RS x+i/ nl Vx24+1 x2+1
1 ;—lt ( 2xt o 2xt )
= ———ex°+1 CoS — 1S1n
Vx2 +1 x2+1 x2+1



we obtain (22) and (23).

Proposition 4.3: For special functions f;,(x),n € N, it holds that

foni2(x) = x2+1f2n( x) + xz+1f2n 1(x) (24)
fons1(0) = 52 fonea (1) = 2 fy () (25)
Proof: 1If we derivate (21) by t € R, we obtain
fon(%) x?—1 o, 2xt 2x o1, 2xt
— —ex +1 COS > — 3 €x°+1 SIn 2
— (n—-1)! (x2 + 1)2 x-+1 (x2 + 1)2 x“+1
_ on(x) 2x z fan-1(x) ¢
x2 +1 n! x2 +1 n!
n=0 n=1
Z fan+2(x) = x% — f2n(x) 2x Z fan-1(x) i
n! x?2+1 n! x2 +1 n!
n=0 n=0 n=1
fonsz( ¥ (% £
fz()+2 Sy YO Z ot o+ o fona () )
n=
. 1 x2-1 .
Since fy(x) = T folx) = E we obtain (24).
If we derivate (23) by t € R, we obtain
f2n 1(x) -1 2—1 2, o 2xt 2x X1y 2xt
1 Tt —————ex+1 sin— 1 3 €x*+1° COS ——— 1
— (=1t (x2 +1)2 X (x2 + 1)2 X
z fon+1(x) = z fon- 1(x) 2x on(x)
~ Tl! xZ + 1)2 xz + 1 = n'
N fona () N (X
Fi+ Y O N () e fon ) ) o e fo)
n=1 n=1
Since f; (x) = —=25 we obtain (25).
(x2+1)2

5. CONCLUSION

Recursive relations play important role in calculus. Classical orthogonal polynomials have
recurrence formulas of the third order. A new class of non-orthogonal polynomial is not yet
investigated and there are not recurrence relations with them. In this paper recurrence formulas (13),
(18) of the fourth order with a new class of special polynomials are obtained. Also, we considered a
new class of special functions and obtained some generating functions for them (20)-(23) and fourth
order recurrence relations (24), (25).
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