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THE CENTRE OF CIRCLE DETERMINATION BY GEODETIC
MEASUREMENTS

Abstract

The problem of circle’s centre determination by using geodetic data is related with influences of
inevitable errors as a result of measurement process as well as with the issue of model’s influence
itself. In this research the experiment was conducted with aim to find out the influence of
measurements error and the influence of model for centre of circle determination. The two centres
of two different centres were determined by direct measurements and with the model based on the
points belonging to the circle. The difference between centres determined by direct measurements
and circles’ centres determined from the model is actually the models’ influence. Obtained results
showed high concordance between the centeres determined both with measurements and model.
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OJPEBUBAILE HEHTPA KPYI'A TEOJAETCKUM METOJAMA

Caxcemax

OnpehuBame 11eHTpa Kpyra reoJeTCKUM METOJaMa MIOBE3aHO je ca YTUIIajeM HEeU30je:KHUX rperraka
y IpOIleCy Mjeperha Kao U ca YTHIajeM caMoT Mojeia ofpeljuBama neHTpa.yY 0BOM HCTPAXKHBABY
CIPOBEJICH je CKCIEPHMEHT ca IMJBEM Ja C€ OAPEAN YTHIAj TPEIIKe MOJETAa W YTHIA] Ipelraka
Mjepema Ha onpeluBame IeHTpa Kpyra IPHMjeHOM Te0IeTCKAX MeToa Mjepema. Pasnnka n3mely
IEHTpa Kpyra oapeheHor Ha OCHOBY AMPEKTHUX Mjepema M IeHTpa Kpyra ojapeheHa Ha OCHOBY
MoJleNia yKa3yje Ha yTumaj Moxaena. JloOujeHn pesyiraTé ykasyjy Ha BHCOKY cariacHocT m3mely
[eHTapa JOOMjeHNX AUPEKTHUM MjepereM 1 IIeHTapa J001jeHIX Ha OCHOBY MOJena.

beylme pujelm: mavynocm, npeyusHocm, mecmuparbe cmamucmudKux xunomesa



1. INTRODUCTION

The circle and its center determination are often issue in mechanical engineering. Mechanical
elements are usually made on the machine lathe, and it is considered that elements produced in this
manner are of quite accurate dimensions. However, because of different influences every element is
produced with some deviations. If the dimensions are inside predefined tolerances, they are
considered to satisfy required level of quality. Otherwise, the elements must be remedied or repaired.
The control of produced mechanical element’s geometry is the issue of geodetic domain mostly
caused by the increasing accuracy and efficiency of contemporary geodetic technologies. Also, the
model of least squares for data processing commonly used in geodesy is appropriate for center and
radiuses of circle determination.

In most cases when the circle’s center and radiuses are required, measurements provided by
mechanical engineering equipment either do not provide possibility for center determination or are
very expensive. Geodetic technologies and methods provide possibility for “ideal” center and
radiuses determination on the base of the measured points around the circle on the high level of
accuracy and efficiency.

The geodetic methods for determining circle’s center and radiuses were utilized and proven in
practice where the high accuracy was required [1, 2]. Furthermore, it was proven that it is possible
to obtain high accuracy of zenith angles when the lines of sights are short [3]. This research was
provided to find out the possible accuracy of circle’s center determination from the points located
on the circle’s line by comparison with the circle’s center determined on the base of measurements.

2. MATERIALS AND METHODS

The data (coordinates of points) for circle’s center determination were obtained by measurements
which were adjusted by the means of least squares [4]. There were measured points located on two
circles. Each circle was approximated with twelve points and their centers were marked also. The
data are given in table 1.

Table 1. The coordinates of points on the circles and their centers determined by measurements[m]

Point N° y (1%t circle) | x (1tcircle) |y (2Wcircle) | x (2™ circle)
0 10.3155 10.0000 10.9239 9.9660
1 10.3595 9.9880 10.9499 9.9592
2 10.3913 9.9558 10.9689 9.9404
3 10.4028 9.9118 10.9759 9.9146
4 10.3910 9.8678 10.9692 9.8887
5 10.3586 9.8359 10.9502 9.8697
6 10.3147 9.8241 10.9243 9.8625
7 10.2711 9.8361 10.8985 9.8693
8 10.2389 9.8685 10.8793 9.8882
9 10.2273 9.9127 10.8722 9.9141
10 10.2393 9.9566 10.8791 9.9400
11 10.2716 9.9887 10.8981 9.9590
12 (y2, x9) 10.31511 9.91217 10.92411 9.91430

The model for centers determination is as follows:

R =i — y)*+(x; — x.)? (D

- R; —radius,

- Y¥; - y coordinate of ith point,

- x; - y coordinate of ith point,

- Y. -y coordinate of circle’s center (unknown) and
- X, - x coordinate of circle’s center (unknown).



Linearization of equation (1) leads to:
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After forming the linear equation system, we obtain twelve equations and have only two unknowns.
The solution is obtained by the means of least squares model:
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Q. is cofactor matrix, f is vector of free terms, x is vector of unknown circle’s center coordinates
and P is matrix of weights. The approximate value of radius R is obtained as follows:
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The root mean square errors of obtained circle’s center coordinates is calculated as follows:
My, = Moy qyy ©)
My, = Mo/ Qxx (10)
Final values of circle’s radiuses were obtained by following formula (1).
Statistical hypotheses about equality of circle’s measured and determined center equality are tested
by following student’s test statistics:
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- ty,t, — test statistics for equality of circle’s centers obtained from original measurements
(adjusted measurement from geodetic network) and circle’s centers obtained from points
on the circle,

- ¥ X, —circle’s center coordinate determined from the points on the circle,

- y'., x', —circle’s center’s coordinate determined from the direct measurements,

- mf,c, m,zcc — mean square errors of the y,., x. coordinates, respectively,

t, = = 12
= (12)

- a—level of significance (a¢ = 0.05) and
- f —degrees of freedom.

3. RESULTS AND DISCUSSION

Geodetic measurements were provided in a room under artificial light. For the measurement the total
station was utilized with following measuring uncertainties:

- 0p = 0.5" for directions,

- 0, = 0.5" for zenith angles and

- 07 = 2 mm+2 ppm for slope distances in reflector less mode.
The conditions and process of measurements are illustrated by figure 1. Utilizing proposed model
(equations 1-10) the results were obtained and given in table 2.

Figure 1. The conditions and total station during measurements

Table 2. The results of circles’ centers coordinate determination.

Point y m, x my y m, x my
Ne (I*circle) | [mm] | (1%circle) | [mm] | (2™circle) | [mm] | (2™ circle) | [mm]
[m] [m] [m] [m]
y2, x0 10.31513 - 9.91216 - 10.92413 - 9.91431 -

Ve, Xe 10.31506 | 0.05 9.91213 0.03 10.92410 0.04 9.91429 0.03

Ve x'c 10.31511 | 0.02 9.91217 0.03 10.92411 0.01 9.91430 0.03




After utilization of statistical hypothesis test (formulas: 11 and 12) the obtained results are given in
table 3.

Table 3. The results of hypotheses testing

Circle N° ty f ti—asf H t, f | ticay | H
1 1.0124 10 | 2.2281 H, 0.7551 10 | 2.2281 | H,
2 0.1771 10 | 2.2281 H, 0.4365 | 10 | 2.2281 | H,

According to obtained results it is possible to state that differences between circle’s centers obtained
by calculation based on the measurements and circle’s centers determined on the base of points
belonging to the circle line are equal in statistical sense. This fact allows the statement that it is
possible to determine the center and radiuses of circles on the high level of reliability by geodetic
methods in case when the points are regularly distributed on the circle and when they are determined
from very short distance.

An interesting observation is that root mean square errors are quite small of hundredths of millimeter
levels. This could be the consequence of more accurate measurements than it was declared
measurement uncertainties or because of quite short distances between control and measured points
on the circles. This finding deserves further research because it opens a possibility of utilizing
geodetic methods for determining the dimensions of mechanical engineering elements at the high
level of accuracy requirements.

4. CONCLUSION

The experiment in this research was designed to simulate the real situation in which could appear in
geodetic professional practice for determination circle’s center and radius. Two circles were
drowned, printed, and put on the wall. After that the geodetic measurements were provided from
two control points with measurements of directions, zenith angles and distances. After
measurements the adjustment of measured values was provided, and circles’ centers were
determined. In the second stage the centers of circles were determined by utilizing the points
belonging to circle and their equality was tested by the means of student’s statistics. According to
the results of statistical hypothesis testing it was proven the equality of the circles’ centers. Also, the
high accuracy of obtained results for circles’ centers determination deserve further investigation.
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